In this note we will study the evolution of the thermofield-double state under a quantum quench made by double traced operators in the context of SYK model. We will compute the entanglement entropy of the resulting state to second order in the coupling using the replica method. The entanglement entropy will increase (decrease) depending on the sign of the coupling. We will also compute the two point function to leading order. The system will thermalize again after a time of order t ∼ β 2p∆ with a new temperature, where p and ∆ are the number of left and right Majorana fermions in the interaction hamiltonian and the scaling dimension of the Majorana fermions, respectively. From bulk point of view the decrease (increase) in entanglement entropy corresponds to the shrinking (expansion) of the black hole's event horizon. 
Introduction
Perturbation of the thermofield-double state by double trace operators has become of interest recently. It was shown in [1] after coupling the left and right sides of a two sided black hole at time t = 0 in asymptotically AdS space time, for appropriate sign of the coupling the two sides will become causally connected and so if a sufficiently low enegy mass is sent sufficiently past in time from one side, it will make it to the other side. It was also argued that under double trace deformation the entanglement entropy will change. Wormhole traversability was further investigated from bulk point of view in [2] . It was shown that the horizon of the black hole will be deformed due to the negative energy shock waves. They also argued that the transfer of information from one side to the other side of the black hole can be regarded as a model for the Hayden-Preskill protocol [3, 4] , see also [5] . Same type of models was proposed in [6, 7, 8] for one sided balck holes. The decrease in entanglement entropy of TFD under double trace deformation is not a surprise at all : while the entanglement entropy of TFD does not change under a unitary operator made of two uncoupled hamiltonians, it will change under a double trace deformation. The simplest example clarifying this is the action of 4 × 4 unitary matrix U on the Bell pair |B = (|↑ L |↑ R + |↓ L |↓ R ). While for U = U L ⊗ U R the entanglement entropy of the Bell pair does not change, unitary operators that cannot be factorized will change the entanglement entropy e.g. U |B = |↑ L |↑ R . In this paper we will show that the deformation of the black hole's horizon is due to the change in the entanglement entropy of the dual state. We will compute the change in entanglement entropy of the Thermofield double state and study the deformation of the black hole in the bulk. As we will show, the decrease (increase) in the entanglement entropy corresponds to shrinkage (expansion) of the black hole's event horizon. The simplest model for investigating such relation between entanglement entropy and black hole's horizon is SYK model [9, 10] , in particular Schwarzian theory in nearly AdS 2 spacetime. ([9] - [11] ). In fact, in JT model we just need to study the dynamics of the boundary which can be regraded as the trajectory of a particle. Our interest will be studying the evolution of thermofield double,
U (t) T F D ≡ T F D(t)
(1.1)
Where the evolution operator is defined by
(iχ
and |T F D is prepared at time t=0. Here, q is the number of Majorana fermions in SYK hamiltonian (2.3) . Such interaction hamiltonians were also proposed in [12] . We will call the state T F D the "deformed thermofield double". While our formulas are general as a function of the coupling, we will only study the case where we turn on the interaction hamiltonian suddenly at u = 0 where the TFD state has been prepared, i.e. g(u) = g θ(u). See [13] for the case where the Majorana fermions belong to the same side. In section two we will review the SYK model briefly. In section three we will compute the entanglement entropy of T F D to second order in the coupling g. For positive (negative) g the entanglement entropy will decrease(increase). 2 As we will see the new entanglement entropy will saturate at t ∼ β 2p∆
where p is given in (1.2) and ∆ = 1 q is the scaling dimension of Majorana fermions. After this time the system will approximately thermalize again. We will see this directly by studying the two point function of two probing Majorana fermions belonging to one side. Due to quantum quench the system is out of equilibrium. To leading order in coupling the non equilibrium effect in the two point function is mainly due to the exponential growth in the out of time ordered correlator [14, 15] formed by the two probing Majorana fermions and the Majorana fermions in the interaction hamiltonian. However, for the two Majorana fermions to be inserted after t ∼ β 2p∆ the two point function will be approximately thermal, thanks to exponential decrease in the strength of the interaction hamiltonian as a function of time which will suppress the non-equilibrium effect much earlier than the scrambling time, and so at this time the new temperature of the system can be read form the two point function. Note that while we restrict ourselves to SYK model, our field theory computation can be easily extended to higher dimension.
In section four we will analyze the hamiltonian (1.2) from bulk point of view. For g > 0 The effect of the interaction hamiltonian is to shrink the horizon of the black hole in the bulk and so part of the space time that was behind the horizon now is revealed to the outside observer. As our field theory calculation to second order in g shows the decrease in entanglement, for all values of p we expect as g increases the entanglement entropy will decrease, and so there must be a critical value for the coupling so that the temperature associated with the resulting state almost vanishes 3 . However, one should notice that the dual state is still far from being fully disentangled due to the zero temperature entropy S 0 which remains protected from the effect of the nonlocal interaction (1.2). We will derive the critical value of the coupling by studying the casimir associated with the SL(2,R) gauge symmetry of the boundary of AdS. The case where p = q 2 will be special. In this case, turning up the coupling g from zero to a critical value g = g * will take the black hole future horizon to the Poincare future horizon, fig 6 (a)(e). For this value of p we will also derive a simple formula which relates the change in the entanglement entropy to the amount that the wormhole in the bulk will shrink (4.67). For g < 0, the horizon in the bulk will expand, and so part of the region that was revealed to the outside observer will become hidden behind the horizon. Note that the change in the length of the wormhole in the bulk as a function of the change in the entanglement entropy of the black hole is alongside with ER=EPR conjecture [16] . While we mostly restrict ourselves to g(u) = g θ(u) which will only alter the future horizon in the bulk we can trivially keep the coupling turned on and go backward in time. This way we can also deform the past horizon and so extend all of our results equally to the white hole in the bulk.
A brief review of SYK model
The SYK model is described by N Majorana fermions having all to all interaction given by the following hamiltonian [9, 10, 17] :
The first correction due to replica off diagonal terms will be of the order O(N 2−q ). The euclidean two point function of the theory at finite temperature is given by
where f (τ ) is the reparametrization of the unit circle. The reparametrization symmetry is spontaneously and explicitly broken and the effective action describing such modes is given by
Contribution of Schwarzian modes (θ) ≡ f (θ) − θ to the four point function of the Majorana fermions is given by [10] 1 N
, Here :
is the thermal entropy. 4 The notions "TO" and "OTO" stand for time ordered and out of time ordered correlators, and we denote the corresponding correlators as F T O and F OT O , which are in fact the connected part of the four point function. In this paper we are in the regime βJ 1,
N βJ
1 where the contribution of Schwarzian modes to the four point function will become dominant. Therefore, we only consider the contribution of such modes to the four point function:
Here θ i s are time ordered and the minus sign is for the fact that the Majorana fermions anti commute.
3 The deformed thermofield-double state
Entanglement entropy of deformed thermofield double state
In this section we will compute the entanglement entropy of the deformed thermofield double state T F D using the replica method. See [18] for computation of entanglement entropy of eternal traversable wormholes [12] . For simplicity we will do the computation for (1.2) with p = 1. The computation for the general case is similar and we will only write the final result. The density matrix associated with the right side is given by :
where the TFD state was prepared at u = 0 and U (u) ≡ e −iHu is the evolution operator associated with the total hamiltonian. However, to do computation it is better to go to the interaction picture :
is the evolution operator associated with two uncoupled SYK hamiltonians. In the next step we expand the evolution operator U int (u):
Since left and right Majorana fields anti commute we can pass all the χ L i (t i )s through to TFD and use the identity:
The result will consist of right fields only, and so we will trace out the left part. The final result will be : Figure 1 where all the Majorana fermions in the final result belong to the right side. In passing the
to the left side we added −iβ to the argument of Majorana fermions. In the next step we will compute the Renyi-s entropy and from that we compute the entanglement entropy:
To compute the Renyi-s entropy we need to take the trace over s copies of the above density matrix, ρ
where there is sum over the identical indicies. The subscript p counts the replica index, and the sum in the first line is over the subscript m and n while keeping p fixed. We moved all the e −βH 0 s to the left getting e −(sβ)H 0 . Since N 1 we can use the large N T rρ
with sum over identical indices. We can simply generalize the above computation to the interaction hamiltonian (1.2). In this case we will get:
sβ (3.18) where the expectation value is with repect to TFD state with temperature sβ. F p (u) can be written as:
where F is the four point function (2.7).The term
contributes to the thermal entropy of the original state (2.8). Therefore, the change in the Renyi entropy to leading order is given by
Expanding around s = 1, we will get :
Now, for quantum quench, g(u) = g θ(u), the result will be:
Note that the next term in (3.19) is suppressed by 1 N which for N 1 can be ignored. Here we will make some comments:
• As can be seen in (3.22) the entanglement entropy change will saturate approxiamtely at t ∼ β 2p∆
. We expect this time to be the time for the system to thermalize again. Therefore, as a result of decrease in entanglement entropy we expect temperaure of the system to decrease as well. From (2.8) and (3.22) , the new inverse temperature will be 5 :
• As can be seen in (3.20) , the change in entanglement entropy to leading order in g can be computed from two function which can be easily generalized to higher dimension.
• Here, we do not assume the coupling g is small, as can be seen from (3.23) and will become clear later, the effective coupling will be
where S is the entropy (2.8). Therefore, while we ignored the g N correction in (3.19) we will not ignor terms of order
• The interaction hamiltonian (1.2) for q = 4, p = 2 is
From microscopic point of view the above hamiltonian is in fact the interaction between the left and right spin operators: To get a better intuition we will study a similar hamiltonian:
Here 1 K N . The microscopic Hilbert space of the SYK model can be defined as follows [7] [12]: we define the lowering operator to be
Therefore, the states can be represented by
spins which can be either up or down. The spin operator is defined by S i = ( 2a † i a i − 1). And the hamiltonian (3.25) can be rewritten as
The action of spin operators is given by:
In other words, if at site i both left and right spins are in the opposite direction the interaction hamiltonian gives a minus sign, and keeps it unchanged otherwise. In principle, we can write the energy eigenstates of the hamiltonian, and therefore, the TFD state in the basis of the spin states. The hamiltonian (3.25) is only sensitive to the first K spins in Thermofield double and its action on them is given by (3.27). Although it seems almost impossible to keep track of the action of the interaction hamiltonian on the spins as time goes on due to the complex action of SYK hamiltonian in the evolution operator, it may be interesting to see that for g ∝ , in the rest of the computation we can safely put s = 1. Without loss of generality we can pick the first and second Keldysh contours, see Fig 3. Each Keldysh contour has two branches. In one branch time goes up and the other time goes down. Now, to make the four point function there are four cases depending on whether the first pair of Majorana fermions are picked from the first Keldysh contour belongs to the first or second branch, and so is for the second pair. Note that there are p ways to pick the two Majorana fermions. One can easlily see that the 1 N contribution from expansion (3.16) will take the form:
Simpliying above, we will get :
where in the second line we assumed g(u) = g θ(u). The second contribution comes from the four point function of pairs of Majorana fermions belonging to the same Keldysh contour. In this case we can neither put s = 1 nor can we ignor the time ordering operator:
(3.30) whereT is the anti-time ordering operator. Here we have been inaccurate about the s dependence of the imaginary times, since the time ordered four point function only depends on time difference between Majorana fermions with same indices and in our case it is equal to β 2 . However, we should emphasize again that the expectation value is with respect to TFD at temperature sβ. As we will show in the appendix A after time of t ∼ β 2p∆ the above term will be suppressed and does not contribute to the entanglement entropy. Therefore, the g 2 N correction to change in entanglement entropy is given by
Where "· · · " includes the terms that are suppressed after t ∼ including all the terms will take the form:
We will derive the above formula again by analyzing the saddle point solution in section 4.3
Thermalization
In this section we will compute the change in the temperature of the system directly by studying the two point function of two Majorana fermions inserted in right side. In general, for a system out of equilibrium the two point function is not just the function of time difference. In fact,
), see for example [19, 20, 13] . In our case the correction to two point function are of two types. the first type is the case where the Majorana fermions in the interaction hamiltonian make a time ordered correlation function with the Majorana fermions in the two point function, while the second type is the case where they make an out of time ordered correlator as can be seen in fig 4. We expect the
dependence of the two point function to come from the second type, from the exponentially growing term in out of time ordered correlator. However, as we will see the non equilibrium part will be suppressed at the time of order t ∼ β 2p∆ due to exponential decrease in the strength of the interaction hamiltonian, and the system will equilibrate with the new temperature (3.23) much earlier than the scrambling time. We
The time contour for two point function which has been unfolded. Majorana fermion χ i is inserted at time t 1 and t 2 on the right boundary. The red dashed lines are the three possible insertions of the double-trace interaction associated with U int (t 1 , t 0 ), U int (t 2 , t 1 ), and U int (t 0 , t 2 ). We can turn the left Majorana fermions into right Majoranas, The relative positions are depicted in the right.
insert the two probing Majorana fermions at time t 1 and t 2 :
where U int is given by (3.11). Here, t 0 = 0 is the time that TFD is prepared. We expand the three evolution operators inserted in the two point function. The two point function to leading order in g is given by:
Simplifying inside the bracket, we will get:
Now, for t 1 , t 2 β, the above will be reduced to :
On the other hand, for t 1 < 0 we will get:
and so nonequilibrium terms will remain as expected. In general case, for t 1 , t 2 β (3.35) will become: the second line will be neglected and the system will approximately thermalize with the new temperature:
which is equal to (3.23)
Bulk Interpretation
In this section we will study the effect of interaction hamiltonian from bulk point of view.
In the first two sections we will review the AdS 2 geometry, JT gravity and dynamics of the schwarzian theory briefly, and in section 4.3 we will study the effect of the nonlocal interaction on the dynamics of the schwarzian action.
AdS 2 in various coordinates
In This section we will review the geometry of AdS 2 briefly. See [21, 22, 12] for detailed study. The AdS 2 geometry in various coordinates is given by :
Poincare patch (4.43)
Rindler coordinate (4.44)
In fact the topology of global AdS 2 is like a strip with boundaries of the space time located at σ ∈ [
]. The Poincare patch, however, covers a part of left or the right boundary of the strip associated with η ∈ [−π, π], and the Rindler coordinate will cover the two ]. The relation between coordinate times close to the boundary for the right side is given by :
Seperately, we can also consider the Poincare patch associated with the left side. For the left side we will also get :
where η l and η r are the value of the global time η on the left and right boundaries. The action of SL(2, R) group on the coordinate time close to the boundary in Poincare patch is given by
JT Gravity and Schwarzian theory
The Jackiw-Teitelboim [23, 24] action was studied in [25, 21] . It is given by
with the boundary condition :
where the first term is topological and corresponds to zero temperature entropy. The second term can be integrated out. It was shown in [21] , using the boundary condition (4.48), the last term in the lagrangian can be reduced to : 
In global coordinates the associated boundary curve is given by
One should think of the above curve as trajectory of an observer far from the black hole in space time, whose clock is run by proper time u. The evolution of TFD under H 0 = H SY K,L + H SY K,R at low temperature is described by two copies of Schwarzian action. In global coordinate we can take η = e φ with lagrange multiplier P η . The action can be written as :
Here derivative is with respect toũ. Also (φ, P φ ) and (η, P η ) are conjugate variables, and H is the hamiltonian. The equation of motion is given by:
The Schwarzian action also has the SL(2, R) symmetry. The conserved charges are:
They satisfy {Q, H} = 0 where the poisson bracket is defined with respect to the conjugate variables (φ, P φ ) and (η, P η ).
The bulk interpretation of the deformed Thermofield double state
In this section we will assume g(u) = g θ(u). Following [12] we expect for u > 0 at N βJ 1, βJ 1, (1.2) will become:
where we approxiamted the interaction term (
We can rewrite the above action as 7 :
56) The equation of motion is given by :
Note that (4.55) still has SL(2,R) symmetry. The corresponding conserved charges are:
where Q
R(L) i
s are given by (4.54). Here, Poisson bracket is with respect to (
Since we are interested in solving (4.57) with initial condition set by (4.51) for both sides and both are symmetric with respect to left and right, η L (u) = η R (u) is always guaranteed, and therefore, we can reduce the equation of motion to : Note that Q i = 0 is automatically satisfied [21] [12]. For 2p∆ = 1, i.e. when the coupling in (1.2) becomes marginal, it is possible to solve (4.59). In this case the interaction term in (4.55) when η L = η R , will become a total derivative. With thermofield-double (4.51) as the initial condition (ũ = 0):
The solution will take the form :
Comparing with (4.49), we will see (4.61) is in fact a black hole solution with inverse temperatureβ and thermal entropy given bỹ
The entropy (4.63) will match the asymptotic value of (3.22) (3.31). For 2p∆ = 1 We can find the time dependence of the coarse-grained entropy by studying the casimir operator associated with the right side [21] (formula (95) of [22] ):
Using (4.59) and (4.58) the entropy will be given by 9 :
(4.65) 8 I am grateful to A. Kitaev for pointing this out to me. 9 Here we will give a heuristic proof for why the value of the casimir function gives the entropy : from equation (95) of [22] we have S = − dE ρ(E) f (E) ln f (E) where S is the quantum entropy, f (E) is the weight function over energy, (for example f (E) = e −βE Z at thermal equilibrium), and ρ(E) is the Plancherel measure, and they are normalized by dE ρ(E)f (E) = 1. For the case where there is no nonlocal interaction between left and right at classical Schwarzian limit where the boundary particle's wave function is localized on the classical trajectory (4.59), from the normalization condition we expect ρ(E) ≈ f −1 (E) where E is the energy of the boundary particle. Therefore,
where we used the fact the at Schwarzian limit ρ(E) = sinh 2π √ 2E . Note that one can convince him/herself from the original derivation [22] that adding the nonlocal interation does not change the quantum entropy formula, although entropy will become time dependent. Therefore, we expect that the casimir function still gives the value of the entropy of the black hole in the bulk.
whereβ andS are given in (4.61). Expanding to second order in
. Note that (4.66) is in complete agreement with (3.22) for 2p∆ = 1 and (3.32) which means that the change in the entanglement entropy is exactly equal to the change in the coarse grained entropy. As can be seen in figure 6 the effect of the nonlocal interaction (1.2), from bulk point of view is to shrink the black hole, and so part of the region that was behind the horizon is now revealed to the outside observer, as can be seen in figure 6 (b) . One can conclude that for interior of the black hole to be revealed to the outside observer, the observer has to decrease the entanglement entropy of TFD and reach the states T F D in the Hilbert space. In fact, to probe the deeper regions inside the black hole one needs to reach deforemd thermofield doubles with lower entanglement entropy, figure 6 (b,f) . We can also find a formula which relates the amount of shrinkage in the black hole horizon as a function of decrease in the entnaglement entropy of the dual state:
where d w is the geodesic length of the wormhole, see Appendix (B) for derivation and discussion of wormhole length as a function of time. Here the wormhole is defined simply as the horizontal line in figure 6 (f) which connects the stretched horizons r = 1 S (4.42) on both sides. (red curves in figure 6 (f) ). (4.67) basically tells us in order to shrink a wormhole of geodesic length d we need to decrease the entnaglement entropy to S − 2πκ. We can also compute the asymptotic value of the coarse-grained entropy for general p from the casimir (4.64). In fact, we can take integral of the equation (4.59) with initial condition (4.60):
where Q is the casimir. We expect at u → ∞ ,e 2p∆φ → 0. Therefore,
which is the new thermal entropy of the black hole. Plugging for the value of κ from (4.55) the answer will match to asymptotic value of (3.22) and (3.31) after expanding the square root to second order in g. At (red curves). In all of the diagrams the remaining black region behind the horizon will be inaccessable to both observers at each side. Figure 7 : (a) The plot of u as a function x = η = e φ for different value of a = 2p∆. As can be seen for fixed u, x is monotonic as a function of a. As a result the boundary curves associated with a will hit the boundary of AdS 2 at bigger value of η. (b) The red curves are associated with κ = κ * for some value of 2p∆ < 1. See 6 (e) for 2p∆ = 1. For κ > κ * the boundary trajectory makes a transition to the the oscillatory phase which is depicted by dotted line. or equivalently,
S will vanish. For the critical value κ = κ * i.e. E ≈ 0, we can also solve (4.68) with initial condition (4.60)
) (4.72) This is the equation for the boundary at critical value κ * corresponding to a state with almost vanishing thermal entropy. Now, it can be checked that the right hand side in (4.72) is in fact monotonic as a function of 0 < p∆ < 1 for given value of p. This means for given value of u, η = e φ , and therefore, η(u = ∞) is monotonicly increasing as a function of p∆. Note that in the case of p∆ > the patch associated to the critical value of the coupling is even bigger than the Poincare patch. In this case g * J ∼ S(βJ) 2p∆−1 which is bigger than the entropy of the original balck hole. Note that close to κ = κ * we are in quantum regime. In fact, the quantum fluctuations will become important whenβJ ∼ N or equivalently,
As can be seen the second term is of O( 1 N ), and so the punchline is that the saddle point solution works perfectly well except for within the critical value g = g * .
Discussions and Speculations
Our main message in this paper is the relation between the change in the entanglement entropy of the TFD state and change in the size of the black hole in the bulk (dark region in figure 6 ) : Increasing the entnaglement entropy of TFD corresponds to expanding the black hole, while decreasing the entnanglement entropy corresponds to shrinking the black hole 10 . In fact, for deeper regions inside the black holes to be revealed to the outside observer, one should turn up the coupling g in (1.2) and so lower the entanglement entropy of the deformed thermofield double. Shrinkage of the black hole's horizon can be easily seen by noticing that we are in fact decreasing the temperature of the black hole. Note that the black hole will quickly thermalize again, t ∼ β 2p∆ after the quench. Also, the change in the entanglement etnropy of the dual state, to second order in coupling is equal to the change in the coarse-grained entropy of the black hole (4.66) in the bulk. For 2p∆ = 1 this was shown including the time dependence, while for general case their asymptotic values were shown to be equal.
Our field theory computation can be extended easily to higher dimension. In fact, the change in the entanglement entropy (3.22) to leading order can be computed from two point function only.
We should emphasize that we reach the states T F D perturbatively starting from TFD [27] . From bulk point of view this means we are in fact deforming the original black hole. We believe this is the only way to probe the interior of the the black hole from outside. One can also understand why a small particle that is sent from outside can never make it to the interior of the black hole from outside observer's point of view: If we think of the particle as a small perturbation of TFD, by such small perturbations it is not possible to reach deformed thermofield double state or its perturbation by local fields in the Hilbert space.
For all values of p we saw there is a critical value of the coupling g where the thermal entropy will almost vanish. From higher dimension point of view the right or left patches associated with critical value of the coupling can be regarded as near horizon of an almost extremal balck hole, fig 7b. In fact when 2p∆ = 1, turning up the coupling g from zero to the critical value g = g * will take the black hole future horizon to very close to the future Poincare horizon, fig 6(a)(e) . Note that the zero temperature entropy S 0 remains protected from the effect of the nonlocal interaction (1.2) and so even close to the critical value of the coupling the dual state is far from being completely disentangled. For general p we also saw that the effect of quantum Schwarzian will become important only within the critical value of the coupling where the temperature of the system almost vanishes . Due to quantum effects the system may make a transition to the bound states with non zero probability. For 2p∆ = 1 we also found a simple relation between the amount of entanglement that should be spent from TFD to shrink a wormhole of given length(4.67).
We can also increase the entanglement entropy by changing the sign of the coupling. This way the black hole in the bulk will expand and so some of the region that was outside of the horizon will become hidden behind the horizon of the new black hole, see figure 6(d).
g < 0 and g > 0 cases can be considered as distributing extra entanglement resource between left and right side or consuming some of the entanglement resorce in TFD. From bulk point of view, this corresponds to expanding or shrinking the wormhole. This is alongside with ER=EPR conjecture. However, one should notice that the amount of shrinkage also depends on the dimension of the coupling g which is 1 − 2p∆ in (1.2) .
In section 4.3 we also saw that the dynamics of the boundary can be regarded as a dynamics of a particle in a potential (4.59). It was inteseting to see that the energy of the particle is in fact the entanglement entropy of the dual state, and so entanglement entropy has a dynamical role.
We should point out that SYK model also has non gravitational modes which we ignored. The reason is that for g > 0 the temperature will decrease, and so the assumption βJ 1 will remain valid.
I am grateful to J. Maldacena, D. Stanford, H. Verlinde for helpful discussions. I am grateful to J. Suh for making a comment on the draft of the paper, to J. Preskill for insightful discussions, and especially to A. Kitaev for helpful discussions and comments at different stages of this project without which I would not be able to finish the paper. I also acknowledge support from the Simons Foundation (award number 376205) .
A Contribution of Majorana fermions with same replica index to g 2 N correction to entnaglement entropy
In this section we will compute
(A.74) HereT is the anti-time ordering operator and the overall coefficient is given by:
We also dropped the overall powers of s since our answer should vanish at s = 1. For simplicity we will define X 1(2) = iu 1 (2) s
, a ≡ 2p∆ and take β = 2π. Now, we can easily see from (2.7) that:
For anti-time ordered four point function we will get the same expression with X → Y , or simply taking the complex conjugate. Then we can write (A.74) as
The expansion of the first line around s = 1 becomes:
To simplify the second line we can write
sin a π 2s ) 4p∆−2 and (3.31) for a = 1. The answer will be: Note that our definition of length of the wormhole as a function of time is different from the definition that was taken in [28, 29] , see also [30] (which is tan η = sinh τ in our notations). The reason for picking (B.89) is that to shrink a wormhole that appears thermal time after preperation of the TFD state we expect not to spend too much entnglement as a resource in TFD, i.e. κ S. This will justify
